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Summary
An American style stock loan is a collateralized loan which allows the client to
get a loan with their stocks as collateral. The client may regain the stock on or
before the loan maturity by repaying the principal and interest, or just walk away
without paying anything.
In this thesis, American style stock loan with finite maturity is studied. PDE
approach is used to derive the pricing models of stock loans with dividends paid to
the loaner as well as to the borrower. Stock loan value is calculated using normal
and modified binomial tree method since there are no explicit solutions. Asymp-
totic solution of stock loans with dividends paid to the loaner was given in closed
form, and we compare our results to Xia and Zhou’s [11]. We also analyze the
properties of optimal exercise boundaries of stock loans and find out the optimal
exercise boundaries numerically. We further explored stock loans with underly-
ing stock paying discrete dividends by modeling the jump condition on dividend





Stock loan is currently a very popular product1 issued by many banks and invest-
ment companies. A stock loan allows an investor to use his shares as collateral
to get a loan at some predetermined interest rate. For an American style stock
loan, the borrower can choose to repay the principal together with interest and
get the shares back on or before maturity date, or just walk away from repayment
entirely and forfeit the collateralized securities. To keep it simple, a stock loan is
a collateralized loan with flexible exit choice.
Stock loan is attractive to investors, especially those with large equity positions,
in many ways. First, it allows an investor to access capital in a private transaction
without having to sell his securities to market. It helps investors to get liquidity
while still maintaining the ownership of their stocks, which is extremely useful for
those who are restricted to sell their shares, or refrain from large block sales due to
various reasons. Second, stock loan provides protection to the investor from market
downturn and keeps all the upward potential at the same time. If the collateralized
1An example of stock loan is at http://www.stocklending.com/stockloan101.htm
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stock falls a lot at maturity, one can just walk away, forfeiting the stock and paying
nothing. Hence, the downside risk is capped by the difference between the initial
stock price and the loan principal. If the underlying stock appreciates, the borrower
can obtain all the profits by repaying the loan principal and interest and regaining
his shares. Third, stock loan also has some other appealing features such as non-
recourse, no margin calls and so on. These provisions mean that if the stock
depreciate in its price, the borrower will not receive marginal calls to maintain his
account. Even if one choose to walk away and forfeit his shares at maturity, there
will be no liability or adverse effect on his credit rating. It is just an exit option
provided by the issuer.
1.2 Historical Work
Xia and Zhou (2005) [11] first discussed the mathematical modeling of stock loans.
They found the explicit solution of the infinite maturity (perpetual) stock loan
with dividends collected by the loaner using probabilistic approach. Denote St,
K, c and γ as the stock price, loan principal, issuer’s initial charge, and loan
interest rate respectively. They observed that a stock loan can be regarded as
the client initially buying at price (S0 −K + c) an American option with a payoff
process Yt = (St − Keγt)+, t ≥ 0.2 The rational values of K, c and γ should be
such that the value of this American option is (S0 −K + c), which is also called
the value of the stock loan. The crucial difference between this option and the
conventional American option is that the former has a time dependent strike price.
They modeled the perpetual stock loan as a stopping time problem, and found
that the solution is structurally different from that of a conventional perpetual
American option.
Wang (2006) [15] used PDE approach to model the same stock loan with infinite
2a+ = max{a, 0} for any real number a
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life. Again, the paper only covered stock loan with dividends collected by the
loaner. To the author’s best knowledge, no result on stock loan with dividends
gained by borrower has been reported in the literature. After transforming the
problem into an ODE problem, she also found the explicit solution to this stock loan
problem, which is consistent with Xia and Zhou’s result. However, her derivation
is not rigorous since she used a non-conventional assumption in her paper. Later
we will find that it is still possible to find the solution under conventional Black-
Scholes assumption.
1.3 Scope of This Thesis
In this thesis, we construct mathematical models for pricing finite maturity Amer-
ican style stock loan. In the next chapter, we use PDE approach to formulate the
pricing model of stock loans with dividends paid throughout the loan life are col-
lected by the loaner as a variational inequality problem. Optimal exercise boundary
is studied. We found that the boundary does exist under certain (although practi-
cally rare) condition and there exists a monotonically decreasing optimal exercise
boundary otherwise. Asymptotic solution of the problem was derived and given
in explicit form, and we compare our results to Xia and Zhou’s [11]. After that
we use binomial tree method to find the numerical solution and optimal exercise
boundary of the finite maturity option. At the end of chapter 2, we explore stock
loan with discrete dividend payment by modeling the jump conditions on dividend
payment dates and applying similar analyses between two dividend payments .
The problem is also formulated as variational inequalities and numerical results
were given.
In chapter 3, we consider the pricing model of stock loans with a feature that
dividends can be retained by the borrower if he choose to exercise at any time on
or before maturity. The dividends are assumed to be proportional to the stock
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price and accumulate at the risk free interest rate. Using the Black-Scholes delta
hedging technique, we formulate the problem as a variational inequality problem
with two independent variables: the stock price and the accumulated dividends.
We give intuitive explanation on the result of Dai et al.(2006) [18] about the optimal
exercise boundary. Numerical analysis is also carried out for this problem. We use
modified binomial tree method (also called forward shooting grid method) to find
the numerical solution of the two-dimensional stock loan problem. Algorithm is
given in detail, and numerical results are presented as well. We also consider the
stock loan with discrete dividend payment at the end of chapter 3.
Conclusion is given in chapter 4. Matlab is used to implement the numerical
methods, and the Matlab codes are included in the appendix.
Chapter 2
Stock Loan with Dividends Gained by
Loaner
In this chapter, we are going to discuss the stock loan model with cash dividends
collected by loaner. First, the stock loan model is formulated as a variational
inequality problem. Then we make some transformations such that the obstacle
function of the variational inequalities is time independent. Note that the new
problem is equivalent to the original problem. Next, we analyse the properties of
the optimal exercise boundary of the new problem. The asymptotic behaviour is
studied in the fourth section. Numerical analysis is carried out after that. Last
but not least, we consider stock loan with discrete dividend payment.
2.1 Problem Formulation
We adopt the Black-Scholes assumptions in the thesis. Denote S, K as the stock
price and the loan principal. r, γ, δ are constant continuous risk free rate, loan
interest rate, and dividend yield respectively. S follows the process
dS = (µ− δ)Sdt+ σSdW
5
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where µ− δ is stock drift; σ is volatility; W is standard Brownian motion.
Assume the collateral is one share of stock. If we regard the stock loan as an
American style option, then the payoff is
(S −Keγt)+.
Let V (S, t;K,T ) be the stock loan value. Similar to conventional American options,








− (r − δ)S ∂V
∂S
+ rV ≥ 0








− (r − δ)S ∂V
∂S
+ rV ) (V − (S −Keγt)+) = 0
V (S, T ) = (S −KeγT )+
(2.1)
where (S, t) ∈ Q := (0,+∞)× [0, T ).
2.2 Problem Transformation
In the above problem (2.1), the obstacle function (S −Keγt)+ depends on time t,
which makes it difficult to handle directly. However, it is possible to make it time
independent. We can achieve that by using the following transformations:
x = Se−γt, f(x, t) = V (S, t)e−γt, r˜ = r − γ.









− (r˜ − δ)x∂f
∂x
+ r˜f ≥ 0








− (r˜ − δ)x∂f
∂x
+ r˜f) (f − (x−K)+) = 0
f(x, T ) = (x−K)+
(2.2)
where (x, t) ∈ Q.1 Now we only need to study the new problem with a time
independent obstacle function (x−K).
1Note that the solution domain is unchanged after the transformations
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Observe that the governing equations of the new problem is almost the same
as of an American call option, except that r˜ in (2.2) can be negative, while the
risk-free interest rate r in an American vanilla option is always positive. The new
function f(x, t) in (2.2) can be regarded as the value of a new product, which is an
American call option with a risk free interest rate r˜ that is likely to be negative.
In the following sections in Chapter 2, we only discuss problem (2.2). We call
f(x, t) the option value (of the new product) while V (S, t) is called the stock loan
value.
2.3 Optimal Exercise Boundary Analysis
First we introduce some properties of f(x, t), which will be helpful in analyzing
the optimal exercise boundary:
Lemma 2.1. f(x, t) has the following properties
0 ≤ f(x, t) ≤ x, (2.3)
∂f
∂t
≤ 0 for all x > 0, t ∈ [0, T ], (2.4)
0 ≤ ∂f
∂x
≤ 1 for all x > 0, t ∈ [0, T ). (2.5)
Proof. (2.3) is based on no arbitrage argument. For the stock loan, we must have
0 ≤ V ≤ S, which immediately follows that
0 ≤ f = V (S, t)e−γt ≤ Se−γt = x.
(2.4) can be derived by the comparison principle for variational inequalities (see
Friedman 1982 [7]). We consider the case t > 0 first. If we can show
f(x, t−∆t) ≥ f(x, t)





f(x, t)− f(x, t−∆t)
∆t
≤ 0,
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where ∆t is small enough to ensure that t−∆t ≥ 0.









− (r˜ − δ)x ∂g
∂x
+ r˜g ≥ 0,








− (r˜ − δ)x ∂g
∂x
+ r˜g) (g − (x−K)+) = 0,
g(x, T ) = f(x, T −∆t) ≥ (x−K)+.
(2.6)
Take use of the comparison principle for variational inequalities (compare (2.6)





f(x, t)− g(x, t)
∆t
≤ 0, when t > 0.








≤ 0, for x > 0 and 0 ≤ t ≤ T.
(2.5) is also based on comparison principle. First we need to make a transfor-
mation as following:
y = ln x, u(y, t) = f(x, t).












+ r˜u ≥ 0,












+ r˜u) (u− (ey −K)+) = 0,
u(y, T ) = (ey −K)+.
(2.7)
2This is true as long as (x, t) ∈ Q
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Hence, (2.5) is equivalent to
0 ≤ ∂u
∂y
≤ x = ey. (2.8)
To prove ∂u
∂y
≥ 0, we only need to show that
u(y +∆y, t)− u(y, t) ≥ 0
for every small ∆y > 0.












+ r˜g ≥ 0,












+ r˜g) (g − (ey+∆y −K)+) = 0,
g(y, T ) = (ey+∆y −K)+.
(2.9)
Compare to (2.7), all the others being same, (2.9) has a greater obstacle function
(i.e. (ey+∆y − K)+ ≥ (ey − K)+). By comparison principle, we conclude that





u(y +∆y, t)− u(y, t)
∆y
≥ 0.
The proof of the second inequality in (2.7) is similar. It suffice to show that
u(y, t)− u(y −∆y, t) ≤ ey∆y
for every small ∆y > 0.












+ r˜g ≥ δey∆y,












+ r˜g − δey∆y) (g − (ey−∆y −K)+ − ey∆y) = 0,
g(y, T ) = (ey−∆y −K)+ + ey∆y,
(2.10)
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Still, we can take use of the comparison principle for variational inequalities. Notice
that
δey∆y ≥ 0,
(ey−∆y −K)+ + ey∆y ≥ (ey −K)+.





u(y, t)− u(y −∆y, t)
∆y
≤ ey.
The above leads to 0 ≤ ∂f
∂x
≤ 1, for all x > 0, t ∈ [0, T ).
Now we consider the optimal exercise boundary of problem (2.2). First we
define the exercise region E and the holding region H as following:
E := {(x, t) ∈ Q : f(x, t) = (x−K)+},
H := {(x, t) ∈ Q : f(x, t) > (x−K)+}.
Proposition 2.2. (i) When r˜ ≥ 0 and δ = 0, the exercise region E = ∅
(ii) When δ > 0 or r˜ < 0, there exists an monotonically decreasing optimal exercise
boundary x∗(t) such that
E = {(x, t) ∈ Q : x ≥ x∗(t)},
H = {(x, t) ∈ Q : x < x∗(t)}.
Proof. Part (i) is almost the same with the well known result in standard American
option model. We can prove it using the put-call parity:
f(x, t) ≥ CE(x, t)
= x−Ke−r˜(T−t) + PE(x, t)
> x−Ke−r˜(T−t)
≥ x−K, when r˜ ≥ 0 and δ = 0
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where CE and PE are European call and put option value respectively. The above
immediately follows that E = ∅.
As for part (ii), we will prove it in three steps.
First, we will see that E 6= ∅, and in addition, there exist a (x, t) ∈ E for every
t ∈ [0, T ). Let’s discuss this in two cases:
1) δ > 0 and r˜ ≥ 0
By put-call symmetry, we have
f(x, t) = f(x, t;K, r˜, δ) = P (K, t;x, δ, r˜),
where P (K, t;x, δ, r˜) can be regarded as the put option value with interest rate
δ > 0 and continuous dividend yield r˜ ≥ 0. This is a standard put option whose
underlying stock price and exercise price are K and x respectively. For this put
option, we already know that the exercise region is not empty. In addition, for
every t ∈ [0, T ), we can find a high enough exercise price x∗ (for example, any
x∗ > K
1−e−r(T−t) ) such that (K, t) is in the exercise region. This leads to
f(x∗, t) = P (K, t;x∗, δ, r˜) = (x∗ −K)+,
or equivalently, (x∗, t) ∈ E.
2) r˜ < 0
Suppose E = ∅, then f(x, t) = CE(x, t) for all (x, t) ∈ Q. On the other hand,
we have (considering the possible dividend):
CE(x, t) ≤ x−Ke−r˜(T−t) + PE(x, t)
= (x−K) + PE(x, t)−K(e−r˜(T−t) − 1).
Note that K(e−r˜(T−t)−1) > 0, which means that we can always find a large enough
x∗ for each t ∈ [0, T ) such that
PE(x
∗, t) < K(e−r˜(T−t) − 1).
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The above implies that
f(x∗, t) = CE(x∗, t) < (x∗ −K),
which contradicts with f(x∗, t) ≥ (x∗−K)+. Hence, we conclude that there exists
an x∗ for each t ∈ [0, T ) such that (x∗, t) ∈ E.
Second, we show that E and H are given as in (ii). Let’s assume x1 < x2, and
(x1, t) ∈ E. Because ∂f∂x ≤ 1 for all (x, t) ∈ Q, we have





≤ (x1 −K) + (x2 − x1)
= x2 −K.
On the other hand, we have f(x2, t) ≥ x2 −K, which implies that
f(x2, t) = x2 −K.
This means (x2, t) ∈ E. Therefore, for each t ∈ [0, T ), there exists a unique x∗(t)
such that x ∈ E for any x > x∗(t), and x ∈ H for any x < x∗(t).
Next, we consider the monotonicity of x∗(t) as a function of t. Assume t1 < t2,
and (x, t2) ∈ H. Because ∂f∂t ≤ 0 we have
f(x, t1) ≥ f(x, t2) > (x−K)+,
which implies (x, t1) ∈ H. Therefore, x∗(t1) ≥ x∗(t2), or to say, x∗(t) is monotoni-
cally decreasing.
For standard American option with no dividend payment, we know that we will
never early exercise. However, this is not the case for stock loans. We can see that
when r˜ < 0, it is sometimes optimal to exercise early even if there are no dividend
payment.
2.3 Optimal Exercise Boundary Analysis 13





K}, if δ > 0
K, if δ = 0 and r˜ < 0
.
Proof. We discuss it in two cases:
1) δ > 0








− (r˜ − δ)x ∂
∂x
+ r˜) (x−K) ≥ 0.
After simplification, we have
δx− r˜K ≥ 0.
This means x ≥ r˜
δ
K for each x ≥ x∗(t). Combine it with x ≥ K, we have
x∗(T ) = lim
t→T−
x∗(t) ≥ max(K, r˜
δ
K).
Next, we will show that x∗(T ) = max(K, r˜
δ
K). Suppose not, then there exists




















= δx¯− r˜K > 0.
The above contradicts with (2.4). Therefore,
x∗(T ) = max(K,
r˜
δ
K), if δ > 0.
2)δ = 0 and r˜ < 0
It is clear that x∗(T ) ≥ K. Suppose x∗(T ) > K, again there exists an x¯ such
that
K < x¯ < x∗(T ).
















= −r˜K > 0.
This contradicts with (2.4), which leads to x∗(T ) = K.
2.4 Asymptotic Behaviour
Since many stock loans allow renewal for a subsequent term. It is reasonable that
we consider perpetual stock loans as a simple case of renewable stock loans. Denote
f˜(x) and x˜∗ as the solution and optimal exercise boundary given by Xia and Zhou
(2005) [11] for the perpetual stock loan. We have
Proposition 2.4. (i) f∞(x) := limT→∞ f(x, 0;T ) = f˜(x)
(ii) x∗∞ := limT→∞ x
∗(0;T ) = x˜∗, when x∗(0;T ) exists.
Proof. It is clear that f∞(x) solves the following free boundary problem which is
similar to the perpetual American option:
1
2








When δ > 0, we can find the general solution to the above problem:
f∞(x) = C1xα1 + C2xα2




















C1 and C2 are two arbitrary constants.
2.4 Asymptotic Behaviour 15
After a careful check, we find that
α2 < 1 < α1.
Next, we will see that C2 = 0, otherwise, the above will lead to
f ′∞(x) = C1α1x
α1−1 + C2α2xα2−1 →∞, when x→ 0,
which contradicts with (2.5). The solution is then reduced to
f∞(x) = C1xα1 .
Take use of the boundary conditions, we find that C1 = 1α1 (α1−1α1K )α1−1,x∗∞ = α1Kα1−1 .
This is consistent with Xia and Zhou(2005)’s result.
Then we can find the solution for stock loans when the underlying stock does
not pay dividends by letting δ → 0. We need to discuss two cases:
1) When r˜ + 1
2
σ2 ≥ 0, we have
α1 → 1 + when δ → 0.
This leads to  x∗∞ → +∞,f∞(x)→ x.
2) When r˜+ 1
2
σ2 < 0, we always have α1 > 1, which means f∞(x) and x∗∞ is exactly
the same form as when δ > 0.
The above results can be summarized as:









)α1−1 xα1 , if x < x∗∞ =
α1K
α1−1
x−K, if x ≥ x∗∞
;
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Perpetual stock loan is a rough approximation of renewable stock loans. But
here we will not explore more about the renewal feature of stock loans.
2.5 Numerical Analysis
In this section, we will use binomial tree method to find the optimal exercise
boundary and the option value of (2.2).
The binomial tree method is a widely used numerical procedure which was first
proposed by Cox, Ross, and Rubinstein 1979 [4]. We adopt their assumptions here.
In each time interval x moves from its initial value of x0 either up to x0u or down
to x0d. The probability of an up movement will be denoted by p. The probability
of a down movement is therefore 1 − p. In order to determine the correct values
of u, d and p, we must first match the mean and variance of change in x during a
time interval of length ∆t.
Note that x = Se−γt follows the following geometrical Brownian motion in a
risk neutral world:
dx = (r˜ − δ)xdt+ σdW.
Hence we have the expected return of x in a risk-neutral world is r˜ − δ, which
implies
xe(r˜−δ)∆t = pxu+ (1− p)xd.
The stochastic process x is following implies that the variance of the propor-
tional change in x in a time interval of length ∆t is σ2∆t. Therefore we must
have
pu2 + (1− p)d2 − [pu+ (1− p)d]2 = σ2∆t.
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We also adopt this assumption so that we can solve the 3 parameters out from










Now we assume the initial value of x is x0 = 1. Let the discrete value of x at
time step n be given by
xnj = u
j, j = 0,±1, ... ,±n.
We already know that f(x, T ) = (x−K)+. Let’s denote f(xnj , n∆t) as fn(xnj ).
We have
fn(xnj ) = max{xnj −K, e−r˜∆t[pfn+1(xn+1j+1 ) + (1− p)fn+1(xn+1j−1 )]}.
Working backward through the tree, we can calculate the option value at any time
back from T .
Figure 2.1 illustrate the option value f(x, t) at two different time: t = T − 2,
t = T − 10 and the perpetual option value. We can notice that the longer time to
maturity is, the greater the option value is. This is quite natural because this is
an American style product: we have more rights with longer term period.
By proposition 2.2, we know that there is a monotonically decreasing optimal
exercise boundary x∗(t) when δ > 0 or r˜ < 0. Let τ = T − t, then we have a
monotonically increasing optimal exercise boundary x∗(τ).
Figure 2.2 gives us three optimal exercise boundaries as functions of τ . Note
that x∗∞ = limτ→+∞ x
∗(τ). From the plot of the optimal exercise boundaries, we can
2.5 Numerical Analysis 18





















T − t = + ∞ 
T − t = 10 
T − t = 2 
Payoff 
Figure 2.1: Option value at different time t (r = 0.05, γ = 0.09, δ = 0.03, σ = 0.4,
K = 0.7)












time to maturity τ = T − t
x
δ = 0 
δ = 0.01 
δ = 0.03 
Figure 2.2: Optimal exercise boundary for different dividend yield δ (r = 0.05,
γ = 0.09, σ = 0.4, K = 0.7)
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conjecture that when δ > 0, there is a horizontal asymptotical line x = x∗∞ which is
an up bound of x∗(τ). When δ = 0, we can conjecture that limτ→+∞ x∗(τ) = +∞.
Note here we use proper parameters such that r˜ + 1
2
σ2 = r − γ + 1
2
σ2 ≥ 0. Hence
by proposition 2.4, we have x∗∞ → +∞ when δ → 0. We can see that figure 2.2 is
consistent with previous results in Section 2.4.
2.6 Discrete Dividend Case
We can further consider the stock loan model with discrete dividend payment.
Assume the discrete dividend yield is q, and the dividend payment dates are ti
for i = 1, 2, ..., N . Let t0 = 0, then the amount of dividend payment at ti is
q(ti − ti−1)Sti , for i = 1, 2, ..., N .3 Let di = q(ti − ti−1). To preclude arbitrage
opportunities, the stock must fall by diSti across time ti.
4 We have
St+i = (1− di)St−i ,
where t+i and t
−
i are the time immediately after and before ti respectively. The
stock loan holder can choose to hold or exercise at t−i . Hence the stock loan price
at t−i should be
V (St−i , t
−
i ) = max{V (St+i , t
+
i ), (S −Keγti)+}
= max{V ((1− di)St−i , t
+
i ), (S −Keγti)+}.
Let S replace St−i , we have
V (S, t−i ) = max{V ((1− di)S, t+i ), (S −Keγti)+}. (2.12)
3We assume tN < T here. If the stock pays dividend at T , we assume the dividend payment
happens at T+, that is, after the stock loan is settled.
4Actually, the jump of stock price happens on ex-dividend date. Here we assume dividend
payment happens on the same day with ex-dividend date.
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Between ti−1 and ti, there are no dividend payment, thus V (S, t) must satisfies











+ rV ≥ 0, S ∈ (0,+∞), t ∈ (ti−1, ti) or t ∈ (tN , T )










+ rV ) (V − (S −Keγt)+) = 0
V (S, t−i ) = max{V ((1− di)S, t+i ), (S −Keγti)+}
V (S, T ) = (S −Keγt)+
(2.13)
Similarly, we can transform this problem so that the obstacle function is time
independent by letting











+ r˜f ≥ 0, S ∈ (0,+∞), t ∈ (ti−1, ti), t ∈ (tN , T )










+ r˜f) (f − (x−K)+) = 0
f(x, t−i ) = max{f((1− di)x, t+i ), (x−K)+}
f(x, T ) = (x−K)+
(2.14)
For problem (2.14), we can use the binomial tree method with modification
at each dividend payment time ti. That is, we add the jump conditions at each
ti. Suppose that the time period between each two consecutive dividend payment
date are the same, denoted by D. When the time step n is between ti and ti+1, we
will get that the discrete values of x is given by
xnj = (1− qD)iuj.
Working back through the binomial tree, we can find the option value and the
optimal exercise boundary if it exists. Figure 2.3 shows the option values with
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Figure 2.3: Option value with different time to maturity (r = 0.05, γ = 0.09,
σ = 0.4, K = 0.7)












τ = T − t
x
q = 0.02 
q = 0.06 
q = 0.1 
Figure 2.4: Optimal exercise boundary for different dividend yield q (r = 0.05,
γ = 0.09, σ = 0.4, K = 0.7)
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different time to maturity. Figure 2.4 gives the optimal exercise boundaries for
different dividend yields. We can see from Figure 2.4 that optimal exercise bound-
aries are not continuous on dividend payment date. This can be easily explained:
if one is willing to exercise the stock loan at S (and not less) before dividend is
paid, then in order to get an equal amount of payoff immediately after dividend
payment, he will exercise the stock loan only if the stock price is diS higher than
S after dividend is paid.
Chapter 3
Stock Loan with Dividends Gained by
Borrower
In this chapter, we discuss the model of stock loan with cash dividends collected by
borrower upon exercise. First, the model is formulated as a variational inequality
problem. Second, we make some transformations such that the obstacle function
of the variational inequality problem is time independent. In the third section,
we present and explain some of the results from Dai et al. (2006) [18]. Next, we
explore numerical methods to analyse the optimal exercise boundary and the value
of the option. In the final section, stock loan with discrete dividend is studied.
3.1 Problem Formulation
We assume the continuous dividends are kept in a risk free account so that they earn





At any time, the borrower can choose to exercise the stock loan, that is, to get
back the underlying stock together with the accumulated dividends and pay the
23
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If we regard the stock loan as an American style option, the payoff is
(St + I −Keγt)+.
Apparently, this option is path dependent, since I depend on the history of S. Let
I be a new independent variable. Using Ito’s Lemma, we have
dI = (δS + rI)dt.
Let V (S, I, t;K,T ) be the stock loan value. In order to find the governing equations































If we choose ∆ = ∂V
∂S
, the portfolio will be riskless. Because this option is of
American style, all we can say is that the return of the portfolio will be no more
than the risk free interest rate. Thus we have
∂V
∂t











≤ r(V − ∂V
∂S
S). (3.1)
On the other hand, we must have
V ≥ (S + I −Keγt)+.
In addition, we know that we will not early exercise when V > (S + I −Keγt)+,
which means the equality in (3.1) holds.
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After rearrangement, we can get the variational inequalities that V satisfies
−∂V
∂t







− (r − δ)S ∂V
∂S
+ rV ≥ 0
V − (S + I −Keγt)+ ≥ 0
(−∂V
∂t







− (r − δ)S ∂V
∂S
+ rV ) (V − (S + I −Keγt)+) = 0
V (S, I, T ) = (S + I −KeγT )+
(3.2)
where (S, I, t) ∈ Ω := (0,+∞)× (0,+∞)× [0, T ).
3.2 Problem Transformation
We can make some transformations so that the obstacle function will be indepen-
dent of time t: 
x = e−γtS, A = e−γtI,
f(x,A, t) = e−γtV (S, I, t),
r˜ = r − γ.
The problem then becomes
−∂f
∂t







− (r˜ − δ)x∂f
∂x
+ r˜f ≥ 0
f − (x+ A−K)+ ≥ 0
(−∂f
∂t







− (r˜ − δ)x∂f
∂x
+ r˜f) (f − (x+ A−K)+) = 0
f(x,A, T ) = (x+ A−K)+
(3.3)
where (x,A, t) ∈ Ω.
The problem is similar to an American style path dependent option (for ex-
ample, an Asian option) with a risk free interest rate r˜ that is probably negative.
Because the payoff function have a fixed exercise price K inside, we cannot use the
similarity reduction technique which is used in floating strike Asian option. This
forces us to deal with a two-dimensional problem. Hereafter we call f(x,A, t) the
option price (of the new product).
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3.3 Optimal Exercise Boundary Analysis
Dai et al. (2006) [18] dissert that
Proposition 3.1. (i) One should never early exercise when r˜ > 0;
(ii) It is one of the optimal policies to hold the option till expiry when r˜ = 0;
(iii) There is an optimal exercise boundary A∗(x, t) when r˜ < 0, such that
Exercise region = {(x,A, t) ∈ Ω : A ≥ A∗(x, t)}.
In addition, A∗(x, t) is monotone w.r.t. x and t.
I will give some intuitive explanation here (refer to Dai et al. 2006 [18] for
proof).
It is easier to illustrate (i) and (ii) if we consider the original problem. If the
borrower exercise at time t before maturity, he will get St + It −Keγt. Note that
whenever we exercise, the part St + It will end up worthing ST + IT if we hold the
stock position till maturity. So the only thing that matters is the principal with
interest we need to pay, which will worth Keγter(T−t) at maturity. If we exercise
later at maturity, this amount will then be KeγT , which is smaller provided that
r > γ. Thus we will never early exercise if r˜ > 0.
When r˜ = 0, we can see from the above argument that holding till maturity is
never worse than exercise early.
When r˜ < 0, we find that Keγter(T−t) is smaller than the amount we need to
pay if we exercise at maturity, which is KeγT . So there’s an incentive for us to
exercise before maturity. In fact, if we know beforehand that we will definitely
exercise the stock loan at maturity, we had better exercise earlier at that time. It
will save us some interest payment. For example, if the accumulated dividends It
exceed KeγT ,1 then we know for sure that we will exercise, because the final payoff
will always be positive.
1This is practically unlikely, but is theoretically possible.
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The monotonicity can be similarly obtained as in chapter 2 provided that we
have some nice properties of f(x,A, t).
3.4 Numerical Analysis
We focus on problem (3.3) in this section. Since the option is path dependent
and cannot be reduced to a one-dimensional problem. We have to use numerical
methods to find out the optimal exercise boundary and the option price.
In chapter 2, we use the binomial tree method to find the numerical solution,
which is simple and flexible. Unfortunately, we now have one more independent
variable A. Because A does not follow a geometrical Brownian motion, it is impos-
sible to use the normal binomial tree method. In this section, we use the modified
binomial tree method2 (see Jiang and Dai 2004 [14] for convergence analysis) to
find the optimal exercise boundary and option price.
In an ordinary binomial tree with one variable, taking the one in chapter 2 for
example, we only need to simulate the move of x, which either jumps up to xu or
down to xd in a time interval. The probability of an up movement in a risk neutral




where u and d are as following
u = eσ
√
∆t and d = e−σ
√
∆t.
Let the discrete values of x at time step n be given by
xnj = u
j, j = 0,±1, ... ,±n.
Now we have a problem: A does not move like x does. The movement of A in
a time interval of length ∆t actually depend on the value of x in that period. Note
2It is called the forward shooting grid method in Barraquand and Pudet (1996) [1].
























≈ er˜∆t(At + δxt∆t).
We have to do something to deal with this difficulty. Here we use the modified





∆t, k = 0,±1, ... ,±n,
where ρ is a quantization parameter for spacing in A direction. Notice that since A
is the accumulated dividends discounted by loan rate γ, usually it is smaller than
x. In order to preserve accuracy, the quantization step of A should be smaller than
that of x, hence ρ < 1.
Under a binomial approximation of x and A, we associate to the upward (resp.
downward) transition xnj → xn+1j+1 (resp. xnj → xn+1j−1 ) in x the transition Ank → An+1k+
(resp. Ank → An+1k− ) in A.
Usually, An+1k+ (resp. A
n+1
k− ) does not coincide with a node at time step n + 1.
In most cases, it is between two nodes: An+1k′ and A
n+1
k′+1. This requires us to take
some form of interpolation. We use both linear interpolation and quadratic inter-
polation in our algorithm. Here we only discuss linear interpolation. Quadratic
interpolation is similar.
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Figure 3.1: Option value with one year before maturity (r = 0.05, γ = 0.09,
δ = 0.03, σ = 0.4, K = 0.7)
Denote fn(xnj , A
n




on a binomial tree, we need the value of f(xn+1j+1 , A
n+1





an up movement as example. We assume An+1k+ is between these two nodes: A
n+1
k′
and An+1k′+1. Using linear interpolation, we obtain
f(xn+1j , A
n+1




k′ ) + (1− α)f(xn+1j , An+1k′+1),
where α = (An+1k+ − An+1k′ )/(An+1k′+1 − An+1k′ ) is the interpolation coefficient.
Therefore, working back through the tree, we have
fn(xnj , A
n
k) = max{e−r˜∆t[pf(xn+1j+1 , An+1k+ ) + (1− p)f(xn+1j−1 , An+1k− )], (xnj +Ank −K)+}.
In Figure 3.1 we show the option value with r˜ = −0.04, δ = 0.03 and σ = 0.4;
there is one year to go before expiry.
We can also find the optimal exercise boundary3 of this option by calculating
3In this problem, the optimal exercise boundary is a surface in 3-dimensional space.
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Figure 3.2: Optimal exercise boundary for the option (r = 0.05, γ = 0.09, δ = 0.03,
σ = 0.4, K = 0.7)
the option value at different time before maturity. Figure 3.2 shows the optimal
exercise boundary in three years before expiry.
If we fix an x value, we will get an optimal exercise boundary A∗(t) as a function
of t (or τ = T − t) in a two-dimensional space. On the other hand, if we fix an
A value, we will get an optimal exercise boundary x∗(t) as a function of t (or
τ = T − t).
Figure 3.3 illustrate the above two kind of optimal exercise boundaries. The
left plot is A∗(t) with x fixed at x = 0.5, x = 0.7, x = 0.9, x = 1.2 respectively.
Note that when x > K = 0.7, A∗(t) = 0 near maturity.
The right plot in Figure 3.3 shows x∗(t) with A fixed at A = 0.1, A = 0.3,
A = 0.5, A = 0.6 respectively. Note that when Aer˜(T−t) > K, we will exercise for
sure. So we have x∗(t)→ 0 when A→ Ke−r˜(T−t) for each t.
Similarly, if we fix a t value, we will get an optimal exercise boundary A∗(x) (or
3.4 Numerical Analysis 31
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Figure 3.4: Optimal exercise boundary with different time to maturity (r = 0.05,
γ = 0.09, δ = 0.03, σ = 0.4, K = 0.7)
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x∗(A), depending on which one we use as the independent variable). The plot of
A∗(x) is shown in Figure 3.4. Obviously the boundary is a straight line at maturity,
which is x+A = K. We can see that the great the time to maturity, the high the
optimal exercise boundary, which also verifies the monotonicity of the boundary
w.r.t. t.
3.5 Discrete Dividend Case
Now we consider the stock loan model with discrete dividend payment. We again
denote ti are the dividend payment dates for i = 1, 2, ..., N and t0 = 0. We further
define It as the accumulated dividends:
It = It+i e
r(t−ti), t ∈ (ti, ti+1] or t ∈ (tN , T ],
where It+i = Iti + diSti and It1 = I0 = 0. Hence we have in the above time periods
dI = It+i re
r(t−ti) = rI.












+ rV ≥ 0.
In addition, we have the following jump conditions of S and I at time ti
St+i = (1− di)St−i ,
It+i = Iti + diSt
−
i




The stock loan holder can choose to hold or exercise at t−i . Hence the stock loan
price at t−i should be
V (St−i , It
−
i
, t−i ) = max{V (St+i , It+i , t
+




= max{V ((1− di)St−i , It−i + diSt−i , t
+
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V (S, I, t−i ) = max{V ((1− di)S, I + diS, t+i ), (S + I −Keγti)+}. (3.4)












+ rV ≥ 0,












+ rV ) (V − (S + I −Keγt)+) = 0,
V (S, I, t−i+1) = max{V ((1− di+1)S, I + di+1S, t+i+1), (S + I −Keγti)+},
V (S, I, T ) = (S + I −KeγT )+.
(3.5)
where S ∈ (0,+∞), I ∈ (0,+∞), t ∈ (ti, ti+1) or t ∈ (tN , T ).
It is not difficult to transform this problem to make the obstacle function time
independent. Let 
x = e−γtS, A = e−γtI,
f(x,A, t) = e−γtV (S, I, t),













+ r˜f ≥ 0,












+ r˜f) (f − (x+ A−K)+) = 0,
f(x,A, t−i+1) = max{f((1− di+1)x,A+ di+1x, t+i+1), (x+ A−K)+},
f(x,A, T ) = (x+ A−K)+.
(3.6)
We can still use modified binomial tree method to find the numerical solution
and the optimal exercise boundary of the problem. However, this will not be
discussed in this thesis.
Chapter 4
Conclusion
We have presented models for pricing stock loans with dividends gained both by
the loaner and by the borrower. Using the binomial tree method, we gave the
stock loan values at any time before maturity and verified the properties of optimal
exercise boundary. Discrete dividend models are more realistic for loans on a single
stock while continuous dividend models works well when the collateral is a large
portfolio of stocks. By exploring both models, we got a clearer idea about finite
time American style stock loans than ever.
There are still many interesting possible research problems associated with
Stock Loan. For example, the product could be callable, meaning the issuer can
call back the loan should the stock price falls below some pre-determined barrier;
or the stock loan could ask for a quarterly interest repayment. With the increase
in popularity of stock loan, the product has moved to a more sophisticated level
with more embedded options. The models presented in this thesis gives a possible
approach for studying the other features of stock loan, and can be extended for




bt.m (The binomial tree method for continuous dividend payment)
T=5; % Time to expiry, in years
sigma=0.4; % volatility
rf=0.05; % risk free rate
gamma=0.09; % loan rate
r=rf-gamma;





dpy=1000; % time steps in one year
dt=1/dpy;











for nt = nn-1:-1:FG
Payoff = Payoff(2:2*nt+2);






disp(sprintf(’\n\n Elapsed Time is %5.0f seconds’,toc));
disp(sprintf(’\n Elapsed CPU Time is %5.0f seconds’,cputime-StartCPUTime));
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dbt.m (the binomial tree method for discrete dividend payment)
T=3; % Time to maturity
PT=0.5; % Time period between two dividend payment date, in years
sigma=0.4; % volatility
rf=0.05; % risk free rate
gamma=0.09; % loan rate
r=rf-gamma;





dpy=1000; % time steps in one year
dt=1/dpy;










for nt = nn-1:-1:FG
x=x(2:2*nt+2);
if round(nt/(dpy*PT))==nt/(dpy*PT) && nt~=FG
x=x./(1-q);
end







disp(sprintf(’\n\n Elapsed Time is %5.0f seconds’,toc));
disp(sprintf(’\n Elapsed CPU Time is %5.0f seconds’,cputime-StartCPUTime));
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btfb.m (Find the free boundary in the binomial tree method)
function fb=btfb(FG,D)
% Find the free boundary
sz=max(size(D));
D=D((sz+1)/2-FG:(sz+1)/2+FG);







mbt.m (The modified binomial tree method)
% Problem Parameters:
T=1; % Time to expiry, in years
sigma=0.4; % volatility
rf=0.05; % risk free rate
gamma=0.09; % loan rate
r=rf-gamma;






IPOrder=1; % interpolation order: 1 - linear, 2 - quadratic
A0=x0;
dpy=250; % market days per year
dt=1/dpy;











A=A0*xi.*exp([-nn:nn].*dy); % Grid of accumulated dividend
[xG,AG] = meshgrid(x,A);
global Payoff














ri=i+nt; % the real i index (A -- dividend) in Unew
Aplus = exp(r*dt)*(A(ri) + q*dt.*x(3:2*nt+1));
Aminus = exp(r*dt)*(A(ri) + q*dt.*x(1:2*nt-1));
fp = log(Aplus/(A0*xi))./dy + nt+1;
cfp = min(ceil(fp),2*nt+1);
% the min of ceil(fp) and the largest index of Uold
fm = log(Aminus/(A0*xi))./dy + nt+1;
cfm = min(ceil(fm),2*nt+1);
% the min of ceil(fm) and the largest index of Uold
if IPOrder == 1 % linear interpolation





+ (1-p) * (beta.*Uold(cfm+(0:2*nt-2).*(2*nt+1)-1)...
+ (1-beta).*Uold(cfm+(0:2*nt-2).*(2*nt+1))));


























Unew = Uold; clear Uold;
disp(sprintf(’\n\n Elapsed Time is %5.0f seconds’,toc));
disp(sprintf(’\n Elapsed CPU Time is %5.0f seconds’,cputime-StartCPUTime));
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for i=(sz+1)/2-FG:(sz+1)/2+FG % x, column









for j=(sz+1)/2-FG:(sz+1)/2+FG % A, row
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